AJAA JOURNAL
Vol. 33, No. 7, July 1995
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This paper proposes using preloaded backlashes to suppress the vibration of truss structures and clarifies the
vibration suppression mechanism. With preloaded backlashes, a structure keeps its high stiffness and high static
shape accuracy at low external loads and vibration levels. When the response of the structure exceeds a certain level,
e.g., allowable level, the joints start slipping, introducing frictional damping and nonlinearity. This nonlinearity
transfers energy from lower vibration modes to higher vibration modes. Because higher mode vibrations usually
damp sooner, this nonlinear transfer of energy from lower to higher modes results in a quick damping of the entire
vibration. Numerical simulations show that energy transfer between the modes drastically enhances the inherent
damping capability of the structure. The resulting damping can be as large as that due to the frictional force at the
backlashes, even when the inherent damping ratio of each mode is only 0.2 %. The simulation results demonstrate
that frictional forces and enhanced inherent damping both suppress vibrations and that they are particularly

effective in combination.

Introduction

ARGE structures that are deployed in space tend to be quite

flexible and poorly damped since they are always made as light
as possible. However, plans are being made to launch a number of
payloads, such as huge space antennas and optical interferometers,
for which shape accuracy is vitally important. Therefore, the sup-
pression of vibration in space structures is an important and diffi-
cult problem.

Numerous works have been published on active vibration sup-
pression, but the technology is still experiencing problems with in-
stability of actively controlled systems due to phenomena such as
spillover. In the case of space structures that will be constructed or
deployed in orbit, it is not easy to estimate accurately the dynamic
characteristics at the design phase of the control system. Such a
situation makes the instability problem even harder to resolve.

Another method is passive vibration suppression. Many ap-
proaches have been proposed and investigated for the passive damp-
ing of space structures. Some of them involve using visco-elastic
materials! or viscous fluids.? Others use frictional forces.>* Gen-
erally speaking, passive vibration suppression methods may not be
as powerful as active ones. But their simplicity, low cost, and high
reliability are important advantages. Above all, they result in sys-
tems that are always stable. Even when the structures are actively
controlled, passive damping plays an important role; it enhances the
robustness of the system.

In some truss space structures, backlashes are almost inevitable.
For example, there will almost always be some amount of clearance
at the hinges of deployable structures.® This clearance results in
backlash, which is usually regarded as detrimental because it may
reduce the stiffness, shape accuracy, and linearity of the response.
Therefore, some countermeasures are usually taken to eliminate
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backlash, such as preloading of the joints and hinges. The behavior
of structures with backlashes has been studied by many researchers.®
However, most of them have been interested in the nonlinearity of
their dynamics or the elimination of their effects.

In this paper, however, we propose exploiting the nonlinear char-
acteristics of preloaded backlashes for vibration suppression. By
preloading the backlashes, we can keep high static shape accuracy
provided that the vibration level, i.e., the load level, does not ex-
ceed a certain level. When the vibration level exceeds the threshold
level, the backlashes start slipping, and the vibration is damped by
frictional forces. In addition to the friction, we can expect another
mechanism of vibration suppression, i.e., an energy shift from lower
vibration modes to higher vibration modes through the nonlinearity.

Semiactive vibration suppression by stiffness control was recently
proposed and studied by Onoda et al.” and Minesugi and Kondoh.®
In these approaches, the energy of lower vibrational modes is trans-
ferred to higher modes by the variation of stiffness. When energy
is transferred to the higher modes, quick damping of the entire vi-
bration can be expected because the higher mode vibrations usually
damp sooner. In the case of structures with preloaded backlashes,
the effective stiffness decreases when the backlashes slip. Therefore,
we can similarly expect the energy to transfer between the modes.
Because the higher mode vibrations damp sooner, the energy of the
lower modes will be transferred to the higher. As a result, we can ex-
pect damping to be enhanced by energy transfer between the modes
in addition to friction.

Modeling and Formulation of Truss Structures
with Backlashes

To enhance the damping of truss structures, we propose using
preloaded backlashes at the joints as shown in Fig. 1, where the end
of a truss member is connected to a truss node by an oval hole and a
pin. The pin can move in the oval hole along the axis of the member.
To eliminate the effects of backlash, it is preloaded by a spring that
pushes the pin against the right end of the oval hole. The situation is
essentially similar even when preloading is globally introduced to
statically indeterminate structures instead of local preloading with

‘a spring.

The characteristics of this joint can be modeled as shown in Fig. 2.
Nodes ! and k in the figure represent the end of the truss member



1336 ONODA, SANO, AND MINESUGI

oval hole
truss node block
spring for preload

L
/'l~ - =

truss member pin

V%,

Fig.1 Joint of truss with a backlash.
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Fig.3 Load-displacement relation of the backlash.

and the truss node, respectively. The stroke of the backlash is &,
and the frictional force is fr. Soft spring kp generates the com-
pressive preload, and stiff spring &, simulates the flexibility of the
joint. When the external force is small, the backlash is eliminated
by the preload p of spring kz. As long as the compressive load on
this joint does not exceed p + fr, no slip occurs and the stiffness
of this joint is kept at k4. Therefore, in this situation, the stiffness
is high, and the static shape accuracy is kept high. When the com-
pressive load exceeds p + fr, the truss member and the pin start
to slip. When the amount of slip e does not exceed ¢, the stiffness
is 1/[(1/k4) + (1/kp)]. When e reaches e, the effect of backlash
is again eliminated, and the stiffness will be again k4. Thus, the
load-displacement relation of the joint is as illustrated in Fig. 3.

In this paper, the finite element method is used to model a truss
structure with backlashes. To simulate the behavior, including the
higher modes, each truss member is divided into multiple elements.
The truss members can be modeled by standard beam elements
except for the end sections that have backlashes, which are modeled
with special finite elements.

Each special element consists of three nodes. Let us assume that
the ith element contains nodes j, k, and [ as shown in Fig. 4. Node k
represents a truss joint, and the section between nodes k and  repre-
sents a backlash. Although nodes k and ! are shown separately in the
figure, they actually occupy the same position. Node j is an inter-
mediate node in a truss member that is connected to a standard beam
element. For simplicity, the present investigation is limited to two-
dimensional (or in-plane) motion. We define the nodal displacement
and the nodal force of the ith element in local coordinates as

ugi = U1, Uaj, Usj, Wi, Uor, )T 1
fei = Lfijs fojs Foj it foo fud® )]

where u;; and u,; are the displacements in the xz; and yg; directions,
respectively, us; is the rotation of node j, and xg; and yg; are the
local coordinates of the ith element. Nodal forces fi;, f2;, and f3;
are the forces in the xg; and yg; directions and the moment on node
J» respectively. Node /, which has been introduced to simulate the
backlash, is not provided with the nodal displacement degrees of

Node j Node ! Node k
El;, EA;, pi
YE;
Uz LEi 1
f2

XEi, Ui, ;1 Qu3’f3

Fig. 4 Finite element simulating an end of truss member and a joint
with a backlash.

freedom u, and u3 because the backlash does not affect the Iateral
or bending displacements. Similarly, node k is not provided with
the displacement degree of freedom u3 because it is pivotal.

As the shape function for the axial displacement #; in the section
between nodes j and /, we can use the standard linear function. For
axial characteristics between nodes [ and k, we assume the backlash
model shown in Fig. 2, whose load-displacement relation is

Ji=kyi(hi + &) 3
or
Sfu _ 1 -1 Uy -1
(el Tl o
where '
hi =up —uy )

is the elongation of the section between nodes & and [, f; is the load
on the backlash, and ¢; is the slip displacement at the backlash of
the ith element as shown in Fig. 2. For the lateral displacement in
the section between nodes j and k, we use the standard cubic shape
function of beam elements, reflecting the fact that node % is pivotal.
Then the equation of equilibrium can be obtained as

Jei = Kgig; + bpikaie; ©6)
where
Kgi =
T EA; 7
LE;
0 3EI
sym
L
3E]; 3EL
0 2
L%, LEi
0 0 0 ka;
3EIL,  3EL 3EI
T 73 T2 0 3
Ly; Ly, Ly
EA; EA;
i 0 —ky 0 gk
L Lg A Lg; +ha _
7
bgi =10,0,0,1,0,—1)" (8)

and where EA; is the axial stiffness, EI; is the bending stiffness,
and Lg; is the length of the ith element. By using the aforemen-
tioned shape functions, one can also derive a consistent mass matrix
from the standard procedure. Because ¢; is an independent variable,
another equation that describes the behavior of ¢; is still required.
For simplicity, let us assume that the static and dynamic frictional
forces at the backlash are identical. Then we can see that the slip at
the backlash does not start in the ith element when the inequality

1pi + (kai +kpi)e; +kaihi| < fri 9

is satisfied, where fF; is the frictional force and p; is the preload of
the ith element, respectively. In addition, the slip is limited to the
range

O<e <& (10)
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Therefore, slip does not occur when either of the following condi-
tions holds:

=0 and  p;+ ks +kpide +kah; = fr (11)
e =& and pi + (kai +kpidei +kaihi < —fri (12)
When the inequalities are about to be violated, the slip starts. Be-
cause the frictional force is fr; when the backlash is slipping, we
can see that :

|pi + (kai + kpi)ei + kaihil = fri 13)

Therefore, when the backlash is slipping, the value of ¢; can be
obtained from the following equations:

ei(kai +kpi) +kaihi + pi + fri =0

— fri=0

when¢; > 0 (14)

ej(kai +kpi) + kaihi + Di when ¢; < 0 (15)

By transforming into global coordinates and assembling the stiff-
ness matrices and mass matrices of all of the elements, we can obtain
the equations of motion as

Mii+ Ku+ BGe=0 16)
where

B =[b1,by,..., by an

G = diag[k,;] (18)

e=len,es ... )" 19)

b; = Tibg; (20)

Matrices M and K are the mass and stiffness matrices of the total
system, respectively, u is the nodal displacement vector in the global
coordinates, n;, is the number of backlashes, and 7; is a transfer
matrix from the displacement vector of the ith element in local
coordinates to the global displacement vector of the total degrees of
freedom. From the definition, we can see that

hi = bTu V3

It is known that the per-cycle energy loss due to structural damp-
ing is usually independent of frequency.” A standard procedure
to take this type of structural damping into account is to replace
kai, Kgi, kgi, K, and G in Egs. (3), (4), (6), (9), and (11-16) with

2¢ d 2¢ d 2¢ d
ka (l+z)—a—t‘> Kgi (1-}—35) kg (1+ZE)
2¢ ¢ d
K(l—f—-—-a), and G(1+—a>

respectively, where w is the angular frequency, ¢ is the damping
ratio, and ¢ is time. Consequently, Egs. (16) and (3) [after substituting
Eq. (21)] result in

Mi+K|lu+—=u)+BGle+—¢}=0 (16"
® 2

Ji =k l:b,T (u + 2—Cu> +e+ 2_§éi:l 3"
w )

Although this approximation -does not represent the true damping
laws, it is a better approximation than viscous damping in many
cases.”

Let us transform Eq. (16") into modal coordinates as

1
G+2tDg + Qg+ —d"BG(e+Cé) =0 (22)
my

where
u=dq 23)
Q = diag|of] 24)
D = diag[w;] (25)
@ =[¢1, $2...., bnl (26)
C = diag[2¢ /werr.i] @n
my = ¢I Mg (28)

and where g is the displacement vector in modal coordinates, w;
and ¢; are the angular frequency and mode shape of the ith mode
under the condition that no backlash slips, respectively, my is a
normalizing mass, and wes,; is the effective angular frequency of
the ith backlash whose value is to be determined in the following
paragraph.

Equation (25) is a standard approximation, which is equivalent
to assuming an identical damping ratio for all of the modes. In
the derivation of Eq. (25), the value of @ in the second term of
Eq. (16') for the ith mode velocity component is assumed to be w;,
resulting in

1
¢! —K¢p = o 29)
w
To be consistent with this assumption and Eq. (27), Eq. (3’) has
to be
2 .
fi=ka ZWL*'Z o | et ol | G0
j=1 i=1 Dot
When
it — i+ & =BT Y ¢id;+é =0 31

j=1

holds, spring k, is neither elongating nor contracting. Therefore, in
such a situation, the axial load on the backlash should be independent
of the velocity terms, resulting in

£ = kb (Z«m +e,> (32)
i=1

To satisfy Eq. (32) under the condition stated in Eq. (31), we ; has

to be
Wert; = (bf qu,-qj) / <bTZ ¢,q,) 33)
ji=1 i=1

In this paper, w ; is approximated as Eq. (33) with the constraint
et = 0 (34

In the modal coordinates, Egs. (9), (11), (12), (14), and (15) can
be rewritten as follows after introduction of structural damping:

Weff,i

+keabf Z (q, +2§—>

j=1

2; .
pi + (kai +kpi)| & + ——e¢;

;| < fri 99

2
=0 and pi + (kg + kBi)(ei + ] éi)

Weff,i

+kaib] Z(qj +2§—)¢j > fri (11"

j=1
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and pi + (kai + kgi) (ei -+

2¢ .
¢
Weff,i

e (q, + 2:—>¢, < fri (12)

j=1

e =&

J

2¢
(kai + kgi) (ei +

Weff i =
+pi+ fr=0 when ¢; > 0 (149
2{ . T - Qj
(kai +hpid| & + é )+ kaib; Z q; +20—= )9;
Weff, i =1 Wj
+pi — fpi =0 when é,‘ <0 (15/)

The ith backlash does not slip when any of Egs. (9'), (11", or (12)
hold. Otherwise the backlash slips, and the value of ¢; can be ob-
tained from Egs. (14') and (15’). These equations and Eq. (22) com-
pose the complete set of equations of motion.

Numerical Simulation and Investigation of Damping
Due to Backlashes

To investigate how the backlashes contribute to damping, the in-
plane truss structure shown in Fig. 5 is studied as an example. The
length of the nondiagonal truss members is Ly All of the mem-
bers have mass per unit length p, axial stiffness E A, and bending
stiffness E1. As shown in the figure, the truss structure has three
identical backlashes with stroke &, preload p, frictional force fr,
spring constant for preload kp, and joint flexibility £4. The mass of
each truss node is pLy,.

In the numerical simulation, each truss member is modeled by
three finite elements. In the modal equations of motion, 87 modes
are kept without any truncation of modes. The damping ratio of all
of the modes is assumed to be ¢. An impulse of amplitude A is
apphed to a truss node as shown in Fig. 5, and the subsequent mo-
tion is simulated. The modified Euler method™ is used to integrate
the equations of motion. In the following examples, the following
parameter values are used:

£ =0.001Ly, kp/(EA/Ly) = 0.001

ka/(EA/Ly) = 1000, EI/(EALY)=1x107

Except for the case shown in Fig. 6, the preload is assumed as
p/(EA) =1x107°

and the intensity of the impulse is assumed as follows (except for
the cases shown in Fig. 13):

A/ EAmzLy = 0.001

where mr is the total mass of the structure, i.e., (15 + 32y p Ly

Figures 6-10 show some simulation results. These figures show
the time histories of the first modal displacement g;, the root-mean-
square (rms) displacements of the truss nodes # s, the amount of
slip in the first backlash e;, and the total energy T', respectively, in
the following normalized forms:

. q |EAmgp '
= [—— 35
Q= L, (35)
~ _ Umgs EAmyr
s = — T (36)
T = Tmr)A? 37

Results Using High Preload
Figure 6 shows the case where the preload is so large that the
effects of the backlashes are completely eliminated. The value of e

is not shown in the figure because it stays at zero. The inherent struc-
tural damping ratio is { = 0.002. Because of the low inherent damp-
ing, the vibration damps slowly, and both the rms displacement and
the total energy decrease slowly. Because the higher modes excited
by the impulse damp sooner, the total energy and the rms displace-
ment decreases faster than the first mode amplitude, especially in
the initial phase.

Results Without Inherent Damping and Friction

Figure 7 shows the case where the inherent damping and the
friction are both zero, i.e.,, ¢ = 0, and fr = 0. The preload is
p =1 x 1073 EA, and the backlashes are effective. Because there
is no inherent damping or friction in the system, the total energy
remains constant, and no energy dissipates as shown in Fig. 7d. The
figure shows that no artificial damping is introduced by, for example,
numerical calculation errors. Because of the energy transfer between
the modes, the amplitude of the first mode and the rms displacement
fluctuate as shown in Figs. 7a and 7b.

2nd backlash

Istbacklash  3rd backlash 4
IMPULSE

Fig. 5 Two-dimensional truss with backlashes.
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Fig.6 Simulation result (no effects of backlashes due to large preload);
¢ =0.002,fr = 0,and p = EA.
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Fig.7 Simulation result (no inherent damping and no friction); ¢ = 0,
fr=0,andp =1 x 1075EA.
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Fig. 8 Simulation result (no friction); ¢ = 0.002, fr = 0, and p =
1 x 10~5EA.
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Fig. 9 Simulation result (no inherent damping); ¢ =
10~5EA,andp =1 x 10~5EA.
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Results with Inherent Damping and Without Friction

When a small amount of inherent damping is introduced into the
system whose response is shown in Fig. 7, the response changes
to that shown in Fig. 8, where the parameter values are the same
as those of Fig. 7 except that ¢ = 0.002. Figure 8a shows that
the first mode vibration is suppressed nicely. Figure 8b shows that the
rms displacement also decreases quickly. Figure 8d shows that the
total energy dissipates much more quickly than in Fig. 6d, even
though the values of ¢ of these two system (Figs. 6 and 8) are iden-
tical, and no other energy dissipation mechanisms exist in them.
Therefore, we can see that the rapid energy dissipation of Fig. 8d is
entirely due to the enhancement of inherent damping by the back-
lashes. Comparison of Figs. 8 and 6 clearly shows that the energy
dissipation capability can be drastically enhanced by the backlashes.

Results Without Inherent Damping and with Friction

Figure 9 shows the case where friction exists, and the inherent
damping is zero, i.e., ¢ = 0,and fr = 1.0 x 107 EA. In this case,
the total energy dissipation is fully due to frictional forces. The
figure shows that friction also dissipates the energy and reduces the
vibration amplitude well. However, the figure shows that the energy
ceases to dissipate as soon as the slip at the backlash stops.

(a) Dlsplaccment of 1st Mode
M Iy
W

(b) R. M S stplacement of Nodes
&
&

F 01 \
0.01 S
0‘001 1 1 1 i Il
0 50 100 150 200 250 300
tay
Fig. 10 Simulation result (with both the inherent dampmg and the
friction); ¢ = 0.002,fr =1 X 10~ 5EA,andp =1 x 10~ SEA.
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Fig. 11 Time history examples of the energies of lower modes and
higher modes.

Results with Inherent Damping and Friction

Figure 10 shows the cases where both inherent damping and fric-
tional forces exist, i.e., ¢ = 0.002, and fr = 1.0 x 103 EA. The
total energy, rms displacement, and the amptitude of the first mode
decrease more rapidly than in Figs. 8 and 9 due to both the frictional
force and the enhancement of inherent damping by the backlashes.

Energy Transfer and Dissipation

It is difficult to define the energy of each vibration mode of the
system under study in a strict sense unless all of the values of ¢; are
zero. However, the value of

T =wlq? + 4} (38)

represents the energy of the ith mode when all ¢; are zero. Even
when some of e; are not zero, it roughly represents the intensity
of the ith mode vibration. Therefore, let us call it “energy of the
ith mode” tentatively in this paragraph. Figure 11 shows the time
histories of the energies of the lowest five modes and the higher
modes, i.e., T1_s (solid lines) and 75, s5 (dotted lines), where

!
L= | DT |me/A (39)

i=k

The figure shows that when the backlashes are not effective because
of the excessive preload (p = E A), the energies of the lowest five
modes and the higher modes (from the 51st to the 55th modes)
decrease monotonically. It also shows that the energy of the higher
modes decreases much faster than that of the lower modes. However,
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Fig. 12 ‘Time histories of total energy; p = 1 x 10~3EA.
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Fig. 13 Effect of the impulse level on the response of the structure with
backlashes.

when the backlashes are effective (p = 107 E A), the energy of the
higher modes decreases more slowly, and that of the lowest modes
decreases more rapidly than the case where p = E A, respectively.
This fact indicates that the energy of the lowest modes (which oth-
erwise decreases slowly) is transferred to the higher modes (which
decreases rapidly) by the effect of the backlashes. Consequently, this
energy transfer results in a rapid damping of the entire vibration.

Figure 12 shows the time histories of total energy for various
parameter values. The thick line shows the case where no friction
exists, and only enhanced inherent damping dissipates the energy.
The thin lines are the cases where no inherent damping exists, and
only friction dissipates the energy. The figure shows that the energy
dissipation at the initial phase due to the frictional force is large when
the frictional force is large. However, the larger the frictional force,
the more energy that remains when the energy ceases decreasing.
This trend is the same as shown in Ref. 4. When the frictional force
islarger than the preload, i.e., fr > p,itis possible that the backlash
will stick at a nonzero position and that the value of e will remain
nonzero after the decay of vibration, resulting in a static distortion.
Therefore, it is not practical to make the frictional force larger than
the preload even though the initial energy dissipation rate is high.
From this point of view, the figure shows that the energy dissipation
due to inherent damping enhanced by backlashes can be larger than
that due to friction even when the inherent damping ratio is as smalfl
as 0.2%.

Effects of Impulse Intensity

Figure 13 shows the effect of the impulse intensity on the response
or the time history of rms displacement. In all of the cases shown in
Fig. 13, the parameter values are

fr=0,

The figure shows that the damping capability of the structure with
backlashes is excellent only when the impulse level is adequate,
although its adequate range is wider than one order of magnitude.
In other words, it is important to select the parameter values of
the backlashes suitably to make the backlashes effective for given
impulse levels. This figure suggests that we can design a structure
with backlashes whose damping becomes large when the vibration
level is about to exceed a given limit.

p/EA =1073, {=2x1073

Additional Investigation

In the preceding investigation, structural damping was taken into
account based on the approximations of Eqs. (25) and (27). Some
may feel uncomfortable with Eq. (27) because of the introduction of
wesr ;- A possible way to avoid the introduction of wes; is to assume
that the springs k4 and kg have no inherent damping. Because this as-
sumption will result in an underestimation of the damping capability,
we can still demonstrate the damping enhancement of the original
system by showing the damping enhancement under this assump-
tion. If the spring k4 has no inherent damping, Eq. (16') becomes

Mi+ Q2¢/o)K u+ Ku+ BGe =0 (16"

and Eq. (30) becomes the same as Eq. (32), where K~ is a stiff-
ness matrix that does not include the stiffness of spring k4 of all of
the backlashes. Therefore, it is not necessary to introduce weg ; un-
der this assumption. Equation (16”) can be transformed into modal
coordinates as

G+ 2 Jw)PTK~®g 4+ Qg + (1/my)PTBGe =0 (22)

and all of the terms of 2¢ /weg ; in Egs. (9'), (117, (12"), (14"), and
(15") disappear.

Because K~ is different from K, ®7 K~ ® is not a diagonal ma-
trix. In such a case, it is not clear what value  represents, and again
we have to make an approximation for the value of w in the second
term of Eq. (22). There are three candidates for this approximation:

Dj; = (1/0)$ K¢ (40)
D}, = (1 JaapsT K™, @)
D} = (1/w))¢T K~ &, @2)

where D] ; isthe ith-row jth-column element of matrix D’ defined as
D' =(1/w)dTK~ @ (43)

Based on Egs. (22'), (32), and (40-43), we performed some
numerical simulations of the motion of the truss structure sub-
sequent to the impulse. Figure 14 compares the time histories of
the total energy obtained from the numerical simulations based on

T ™ —e— Eq. @7) |
—5— Eq. (40)
—o— Eq. (41)
1 A— Eq. (42) |
T
0.1
0.01
{ l I
0 50 100 15 200

0

tay
Fig.14 Comparison of time histories of total energy from four different
approximations.
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these three approximations, i.e., Egs. (40-42), with that based on
the approximation Eq. (27). The figure shows that the difference
between these four time histories is insignificant, suggesting that
these approximations are acceptable for the purpose of this pa-
per, which is to demonstrate the effectiveness of enhanced inherent
damping.

Concluding Remarks

To suppress the vibration of space truss structures, a passive ap-
proach has been proposed and investigated. This approach involves
using preloaded backlashes in the structures.

Numerical simulations have shown that energy transfer between
the modes drastically enhances the inherent damping capability of
the structure, even when no friction exists at the backlashes. The
resulting damping can be as large as that due to the frictional force
at the backlashes even when the inherent damping ratio of each
mode is as low as 0.2%. Simulation results have demonstrated that
the combination of frictional forces and enhanced inherent damping
suppress vibrations very effectively.

In this investigation, the damping ratio of each mode was as-
sumed to be identical. This assumption guarantees that the higher
modes damp sooner and forms the basis of the damping enhance-
ment mechanism. Generally, this assumption may not be true in
actual structures, but we can expect enhancement of the inherent
damping if the values of ¢ w of most of the higher modes are higher
than those of the lower modes. This seems to be true in the majority
of actual structures.
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